We present the unpolarized and helicity parton distribution functions calculated within lattice QCD simulations using physical values of the light quark mass. Non-perturbative renormalization is employed and the lattice data are converted to the MS-scheme at a scale of 2 GeV. A matching process is applied together with target mass corrections leading to the reconstruction of light-cone parton distribution functions. For both cases we find a similar behavior between the lattice and phenomenological data, and for the polarized PDF a nice overlap for a range of Bjorken-x values. This presents a major success for the emerging field of direct calculations of quark distributions using lattice QCD.
Introduction: Parton distribution functions (PDFs) are important tools that provide information on the internal dynamics of quarks and gluons within a hadron. Given their importance, PDFs have been a major part of both theoretical and experimental investigations over the last decades. Main sources of information are global QCD analyses, which provide accurate results due to theoretical advances and the new data emerging from accelerators, see Ref. [1] for a community review. Despite this progress, parametrizations of PDFs are not without ambiguities [2] , as there are kinematical regions not easily accessible experimentally, e.g. the large Bjorken-x region. The transversity PDF is, in addition, one example of a distribution only poorly constrained by phenomenology. Thus, a calculation of PDFs from first principles is of crucial importance for the deeper understanding of the inner structure of hadrons. It may also serve as input for experimental analysis in collision experiments, e.g. at LHC. Their non-perturbative nature makes lattice QCD an ideal ab initio formulation to determine them, utilizing large scale simulations.
PDFs are defined on the light cone, which poses a problem for the standard Euclidean formulation, and until recently they were only accessed via Mellin moments and nucleon form factors (see e.g. [3] [4] [5] [6] [7] for recent studies). However, there are severe limitations in reconstruction of PDFs, mainly due to increasing statistical noise for high moments, and the power divergent mixing with lower dimensional operators. Consequently, extracting PDFs from their moments is practically unfeasible.
A novel direct approach was suggested by Ji [8] , who proposed a computation of spatial correlation functions between two boosted nucleon states, using nonlocal fermionic operators with a finite-length Wilson line (WL). Upon Fourier transform, these matrix elements (MEs) lead to so-called quasi-PDFs. In the infinite momentum limit, contact with light-cone PDFs is reestablished via a matching procedure [9] [10] [11] [12] [13] . This approach has been explored in lattice QCD with promising first results [14] [15] [16] [17] . Many aspects of extracting the light-cone PDFs from quasi-PDFs have improved recently. These include investigations of renormalizability [18] , development of a renormalization scheme for lattice WL operators [19] , refining the matching procedure [11] [12] [13] and target mass corrections (TMCs) [16] . Another direct approach, proposed by Radyushkin, is pseudo-PDFs [20] , a generalization of light-cone PDFs to finite nucleon momenta which has also been implemented in lattice QCD [20, 21] . Certain properties of quasi-PDFs, like the nucleon mass dependence and target mass effects, have also been analyzed via their relation with transverse momentum dependent distribution functions [22, 23] . More recently, Ma and Qiu proposed construction of lattice cross sections to study partonic structure from lattice QCD [24] . In this work, we present results using the approach proposed by Ji and refinements thereafter.
Quasi-PDFs: The Minkowski definition of PDFs within a hadron can be derived from the operator product expansion of hadronic deep inelastic scattering and is light-cone dominated, i.e. it receives contributions only in the region ξ 2 =t 2 − r 2 ≈0. Hence, it corresponds to a single point on the lattice, which makes it impossible to evaluate the integral that defines the PDF. Quasi-PDFs are given byq
where
is a UV cut-off, |P is the proton state with finite momentum P , which is non-zero only in the direction of the WL (P =(P 0 , 0, 0, P 3 )), and z is the length of the WL W (z) between quark fields, which is taken in a purely spatial direction instead of the +-direction on the light cone. The Dirac structure Γ defines the type of PDF (Γ=γ µ -unpolarized, Γ=γ 5 γ µ -polarized and Γ=σ µν -transversity) and may be taken parallel or perpendicular to the WL to avoid finite mixing (for certain lattice discretizations) with other operators [25] . To account for the finite momentum used in lattice QCD simulations, higher twist corrections and TMCs need to be applied. For large nucleon momenta, quasi-PDFs can be matched to physical PDFs using Large Momentum Effective Theory (LaMET) [8, 26] . Lattice QCD evaluation: The results presented in this work are obtained with a gauge ensemble of two degenerate light quarks (N f =2) at maximal twist, with quark masses that are tuned to reproduce approximately the physical pion mass value [27] . The parameter values of the ensemble are given in Table I . The gauge configurations have been generated with the Iwasaki improved gluon action [28, 29] and the twisted mass fermion action with clover improvement [30, 31] . High nucleon momenta are required for carrying out the matching within perturbation theory. However, the noise-to-signal ratio increases rapidly as the momentum is increased, demanding a huge computational effort for reaching a satisfactory statistical accuracy. There are additional factors that contribute to the increase of gauge noise, such as using the physical pion mass and large enough propagation in Euclidean time to suppress excited states.
In this study, we compute quasi-PDFs for three values of the momentum, namely
L , which in physical units correspond to 0.83, 1.11, 1.38 GeV. We implement the momentum smearing technique [33] , which is necessary to achieve high momentum at a reasonable computational cost [17] . The total number of measurements for momenta
L is 4800-9600, 38250, 58950, respectively. Going to even larger momentum, although desirable, requires huge computational resources.
In the computation of MEs, we apply up to 20 iterations of stout smearing [34] to gauge links of the operator. This reduces the power divergence in the ME of non-local bilinear operators connected with a WL and brings renormalization functions (Z-factors) closer to their tree level value. After carrying out the power divergence subtraction, renormalized MEs extracted from different stout levels must be in agreement. This provides a check of the renormalization process.
As mentioned above, one can extract the unpolarized PDF from an operator with a Dirac structure parallel (γ 3 ) or perpendicular to the WL (γ 0 ). The former has the disadvantage of mixing with the twist-3 scalar operator [25] . However, for twisted mass fermions the vector mixes with the pseudoscalar operator, which vanishes in the continuum limit. As a consequence, h γ3 has increased noise contamination compared to h γ0 . We compute MEs of both operators, and here we focus on h γ0 presented in Fig. 1 for the three momenta values momenta used. Similarly, in Fig. 2 , we show results for bare helicity MEs. (green stars) using 5 stout steps. It is evident that the signal quality rapidly worsens for larger momenta, and an increase in statistics by a factor four to six is used for momenta 8π L and 10π L as compared to 6π L , to keep statistical uncertainties under control. As can be seen from Figs. 1-2 , results for the two largest momentum values are overlapping for both the real and imaginary parts within our statistical errors. Renormalization: To obtain physical results, lattice MEs of non-conserved currents must be renormalized to eliminate divergences. Compared to other nucleon quantities, quasi-PDFs have an additional WL-related power divergence. Based on the renormalization and mixing pattern from Ref. [25] , we developed a non-perturbative prescription [19] , also implemented for another lattice formulation [35] . This procedure removes the power divergence and the logarithmic divergence with respect to the regulator, and applies the necessary finite renormalization related to the lattice regularization. For our choices of the Dirac structure for the unpolarized and the polarized cases, there is no mixing.
We adopt a non-perturbatively applicable RI -type scheme [36] and Z-factors are extracted by imposing conditions described in Ref. [37] . The RI renormalization scale is chosen to be of the form (n t , n, n, n) in order to suppress discretization effects [37] . An extensive study on the choice for the renormalization scale can be found in Ref. [19] . In this work, we use a total of 17 choices for the RI scale that covers the range (a p) 2 ∈ [0.7, 2.6]. The Z-factors are converted to the MS scheme and evolved to µ=2 GeV using the formulae of Ref. [25] . Final estimates are extracted from the extrapolation (a p) 2 →0 using a linear fit and data in the region [1, 2.6]. For demonstration purposes, we present renormalized helicity MEs for momentum 6π L in Fig. 3 . Renormalization functions and MEs share similar properties with respect to z (symmetric real part and antisymmetric imaginary part). As already pointed out, the stout smearing modifies both the values of MEs and Z-factors, but upon renormalization this dependence should vanish. In Fig. 3 , we compare renormalized helicity MEs extracted using 5, 10 and 15 stout smearing steps, in the MS scheme at 2 GeV. The agreement found between the three cases validates the success of the renormalization prescription. It is worth mentioning that the agreement is more prominent upon the (a p) 2 →0 extrapolation of Z-factors and holds also for the unpolarized case. Matching to light-cone PDFs: Quasi-PDFs are extracted from the Fourier transform of renormalized MEs. To obtain the light-cone PDF from quasi-PDF, one needs to apply a pertubative matching procedure [9] [10] [11] [12] [13] 15] , valid thanks to the fact that infrared physics is the same for both quasi and light-cone PDFs. The matching formula can be expressed as
whereq (x, µ, P 3 ) is the renormalized quasi-PDF and q(x, µ) is the light-cone (matched) renormalized PDF. C represents the matching kernel and here we use a modified expression of the one suggested in Ref. [13] , given by
to one-loop order. In (3), ι=0 for γ 0 and ι=1 for γ 3 /γ 5 γ 3 . The plus prescriptions in the above equation are all at ξ=1. Unlike the light-cone PDF case, for quasi-PDF a UV divergence in the one-loop wave function correction appears as an integral in the momentum fraction, which can be regularized using standard dimensional regularization. The wave function renormalization is then computed in the usual way, and it is expressed by integrals of −3/2ξ (ξ>1) and −3/2(1−ξ) (ξ<0). From a Ward identity, we have that the integrated one-loop vertex correction is renormalized by the same terms. This ensures that the normalization of the distributions is automatically preserved by the matching, that is, from Eqs. (2) and (3), one has
dxq(x, µ, P 3 ), and
. The final step after the matching is to apply TMCs according to formulae of Ref. [16] .
A complete discussion about the matching and its comparison with other studies [11] [12] [13] will be presented in a separate publication.
Results: The ultimate goal of this work is the extraction the Bjorken-x dependence from lattice QCD. This is achieved by computing MEs for WL operators and applying the renormalization followed by Fourier transform to extract quasi-PDFs. Finally, the matching procedure and TMCs are applied to reconstruct light-cone PDFs.
In Fig. 4 , we show our final results for the unpolarized PDF using the temporal direction for the Dirac structure (h γ0 ), which is free of mixing and leads to higher statistical accuracy than h γ3 . We show the dependence on the nucleon momentum for values (blue band), and ABMP16 [39] (NNLO), NNPDF [40] (NNLO) and CJ15 [38] (NLO) phenomenological curves.
well as the phenomenological determinations CJ15 [38] , ABMP16 [39] and NNPDF31 [40] . We find that as the momentum increases, the data approach phenomenological results. In particular, increasing the nucleon momentum from 6π L to 8π L has a large effect on the PDFs shape, with the latter approaching the phenomenological curve. Furthermore, we find a saturation of PDFs for 8π L and 10π L , indicating that LaMET may be applicable for P ≥ 8π L . The interplay of real and imaginary parts of renormalized MEs leads to unphysical oscillations in quasi-PDFs, resulting from the periodicity of the Fourier transform, and propagated through the matching procedure to light-cone PDFs. The effect is naturally suppressed for large nucleon boosts, when MEs decay to zero fast enough, before e −ixP z becomes negative. For the currently attained momenta, the decay of renormalized ME is still relatively slow (cf. Fig. 3 ), which manifests itself in distorted approach of the PDF to zero for x 0.5 and unphysical minimum in the antiquark part, for x ≈ −0.2. The oscillations, as expected, are smoothened out as the momentum increases (which is visible particularly at the level of quasi-PDFs), and are more severe in the negative region. Nevertheless, this is the first time when clear convergence is demonstrated with simulations using a physical pion mass value. Clearly, momentum 6π L is not high enough to reconstruct lightcone PDFs. However, we observe a similar behavior of the lattice data at momentum 10π L as compared to phenomenological results, with some overlap in the small-x region. The slope of the two curves is compatible for the positive-x region, and both curves go to zero for x −0.3 and x 1. Compatible results are extracted for h γ3 , but with increased uncertainties.
In Fig. 5 , we present polarized PDFs for the three momenta, together with DSSV08 [41] and JAM17 [42] phenomenological data. We find a milder dependence on the nucleon momentum, and 10π L is much closer to phenomenological curves with significant overlap with the JAM17 data for 0 < x < 0.5. For the region 0.5 < x < 1, the slope of the lattice data changes, possibly due to oscillations mentioned above, but it approaches zero around x = 1. For the negative-x region, the lattice data also approach zero, with a dip at small-x and large uncertainties, another consequence of oscillations. (blue band), DSSV08 [41] and JAM17 NLO phenomenological data [42] .
Simulating at the physical point is crucial for obtaining data that are close to the global analyses data. This is demonstrated in Fig. 6 . In the top panel, we compare phenomenological estimates with results from Ref. [17] at m π =375 MeV and volume 32 3 ×64 (B55). As the nucleon momentum increases, one observes that the B55 data saturate away from phenomenological curves, wrongfully leading to discouraging conclusions for quasi-PDFs approach. In the lower panel of Fig. 6 , we plot data from this work with the B55 ensemble, both at momentum ∼1.4 GeV. As can be seen, there is a clear pion mass dependence and the B55 data are away from the global analyses curves.
Conclusions:
We present the first ever lattice calculation of unpolarized and helicity PDFs where long-standing obstacles, such as large momenta, physical pion mass and non-perturbative renormalization have been addressed. To investigate the nucleon momentum dependence, we employed three values corresponding to 0.83, 1.11, 1.38 GeV, with appropriately increased number of measurements for the latter ones to keep statistical uncertainties under control.
Lattice MEs are renormalized non-perturbatively in the RI scheme and are converted to the MS-scheme at µ=2 GeV. Light-cone PDFs are reconstructed upon Fourier transform and matching with target mass corrections. Our final results for PDFs are highlighted in Figs. 4,5. We are able to compare with phenomenological results for the first time, as all necessary steps of extracting physical PDFs have been applied and no chiral extrapolation is needed. As shown in Fig. 6 , there is strong pion mass dependence and a similar behavior between lattice and phenomenology is only established at the physical pion mass ensemble. A further investigation of possible discretization and volume effects, as well as an improved treatment of the unphysical oscillations, will be pursued in the near future.
